Magnetic degrees of freedom are defined in terms of violations of the Bianchi identities and associated with singular Yang-Mills fields. These singularities should not induce color non-conservation and the resolution of the constraint is that the singular fields, or defects are Abelian in nature. We argue that recently proposed surface operators can serve as a prototype of magnetic degrees of freedom which condense in the YangMills vacuum and are responsible for the confinement. Some basic lattice observations, such as the Abelian dominance of confining fields, are explained as consequences of the original non-Abelian invariance.
Introduction
It is commonly accepted that confinement of color is due to condensation of magnetic degrees of freedom. Such a mechanism is established, both theoretically and via lattice measurements in the Abelian case of a pure gauge field in the compact version of the theory [1] . The confining field configurations are identified as condensate of magnetic monopoles. In the non-Abelian case 1 there is ample evidence in favor of the monopole mechanism [2] obtained in the lattice simulations, for review see, e.g., [3] . However, theoretical interpretation of the data is obscured by the fact that the lattice monopoles are defined in terms of the so called projected fields which are related to the original fields in a highly non-local way. Full reconstruction of the original fields appears not possible but it seems indisputable that effectively Abelian degrees of freedom are responsible for the confinement [3] .
In this note we will reverse the problem and instead of trying to interpret the lattice data will consider classification of non-Abelian singular fields in the continuum which could be responsible for violations of the Bianchi identities while not inducing violations of the color conservation. We argue that a natural candidate for such defects are singular fields living on two-dimensional surfaces. The central point is that such fields are Abelian in nature and, therefore, violations of the Bianchi identities and of the equations of motion are disentangled. In our analysis we are using observations on the so called surface operators [4] .
Abelian case
To set up the framework, let us review first the Abelian case, or the compact U(1) theory [1] . The Lagrangian is the same as for a free electromagnetic field:
supplemented, however, by the condition that the Dirac string carries no action. The condition is automatically satisfied in the lattice version of the theory. Admitting singular fields, or monopoles into the theory violates Bianchi identities and the modified Maxwell equations now read:
where j mon ν is the monopole current. The non-vanishing, conserved current j mon ν can be traded for a magnetically charged scalar field φM . This is a generic field theoretic phenomenon (in a Euclidean space-time). The argumentation can be found, e.g., in quantum-geometry courses [5] while specific applications to lattice monopoles are discussed, in particular, in Refs [6] . Here we will remind, for a later use, a few basic steps in relating the monopole current to a magnetically charged field.
Observing j mon µ , say, in lattice simulations is equivalent to observing a particle trajectory. Therefore, it is reasonable to start from the so called polymer formulation of a free scalar field theory with the action
where M is the (bare) mass and L is the length of trajectory. In particular, in our case the mass M is the radiative mass of the monopole:
where a is the ultraviolet cut off (lattice spacing) and e 2 is the electric charge squared.
The mapping of the polymer representation (3) into the standard field theoretic representation is achieved through evaluating the path integral for the particle propagator:
The sum (5) can be evaluated exactly and one establishes [5] a relation between the physical mass m 2 φ and the polymer-representation mass M :
where ln 7 is a geometric factor specific for a cubic lattice in d = 4.
The Higgs, or confining phase corresponds to m 2 φ < 0. Once m 2 φ = 0 there emerges an infinite, or percolating cluster of the monopole trajectories. The relation between the monopole density ρmon and the fieldtheoretic vacuum expectation value reads as:
where ρmon is the total monopole density and ρ perc mon is the density of the percolating monopoles.
Non-Abelian singular fields
The Abelian construction just described does not generalize to the nonAbelian case. Indeed, if we would assume that, in analogy to (2) ,
where j a ν is the monopole current, then there arise unacceptable consequences. Namely, the colored current j a mon would modify also equations of motion, not only the Bianchi identities since any colored current is a source of gluons because of the color conservation. Moreover, if we trade the current j a ν = 0 for a scalar field then this field is colored, φ a and the vacuum expectation value similar to (7) would violate color conservation. Last but not least, introducing singular fields and the current j a µ would correspond to introduction of an elementary scalar field at short distances, in contradiction with the asymptotic freedom of gauge theories. Now, we are coming to a crucial point. We do not take these difficulties in introducing violations of the Bianchi identities as a proof that singular fields have no role to play in the non-Abelian case. Instead, we merely conclude that trajectories, or one-dimensional defects are not adequate to the non-Abelian case and will be looking for defects of other dimensions. Note that the fact that monopoles are intrinsically U(1) (not SU (2)) objects has been known since long, for discussion see, in particular, [7] .
Turn now to two-dimensional defects, or surfaces. Classification of singular field living on a surface, or 2d defects in all its generality is actually contained in [4] 2 . The central point is that non-Abelian fields living on a surface are Abelian and in this way one can disentangle violations of the Bianchi identities (DµGµν = 0) and of the equations of motion (DµGµν = 0).
To substantiate the point, introduce action associated with the surfaces as:
The central point is that the action (8) respects the non-Abelian invariance despite of the fact that it apparently carries a color index a. The reason is that the interaction (8) at each point x involves only a single component of the field strength tensor G a µν . Therefore, one can use gauge invariance to rotate this particular component to the Cartan subgroup:
where for simplicity we considered the gauge group SU (2). And for Abelian fields the coupling of the field strength tensor to element of a surface, Fµν dσµν is gauge invariant. Note that the projection (9) is determined up to a sign. One can fix the sign by imposing the condition
As is argued in [4] the surface can be endowed also with a dual fieldG a µν which can also be rotated to the Cartan subgroup:
where the point x belongs to the surface. An important point is that only one of the two rotations (9), (11) is uncertain in sign.
From the point of view of the lattice formulation, the possibility of two independent (apart from the relative sign) rotations assumes a particular regularization. Indeed, the dual field is defined on the dual-lattice plaquettes and in this sense can be rotated independently. However, such a procedure would assume simultaneous use of both direct and dual lattices which is not necessarily legitimate. We will not go into details of this issue here and just postulate, in continuum-theory language, existence of surfaces, with the surface element dσµν endowed with Abelian-like fields G 3 µν ,G 3 µν living on the surface. In terms of invariants, the two-dimensional defects which we are considering are having non-vanishing action density and topological-charge density,
as far as the point x belongs to the surface. Actually, the properties (12) are the basic properties which can be observed and determine other observables. The equation (8) and a similar equation withG a µν just tell us how the action associated with surfaces (12) is written in terms of the field strength tensor.
Uses of two-dimensional defects 4.1 Defects as external objects
The most straightforward use of the surface operators is studying their expectation values, S and probing the confinement in this way [4] . The vacuum expectation value of the surface operator might exhibit either volume or area law:
in analogy with the area and perimeter law, respectively, for the Wilson line. By measuring the vacuum expectation values of the surface operators one studies the interaction of particles having color magnetic and dipole moments, but no color charge. From the presentation above it seems rather obvious that (in the limit of large volume) the vacuum expectation value (13) exhibits the area law. Indeed, to reconstruct G a µν entering (8) one would measure on the lattice first the value of G 2 associate with a plaquette belonging to the surface, then take root square of it, with the plus sign. Clearly, the correlator of such plaquettes which determines (13) reduces to correlator of action densities and is determined by glueball exchanges. Hence, the area law for the expectation value (13).
Non-Abelian 'monopoles'
Construction of the surface operators assumes gauge fixation (10) . However, at some points this fixation might not be possible because of the nature of singular fields living on the surface. According to the general idea of 't Hooft [9] such defects of gauge fixation might actually detect physically significant defects. In our case, the defects can be called 'nonAbelian magnetic monopoles'.
To set up the stage, consider again the Abelian case first. Introduce a particular time slice of the 4d space. Then at some point a singular magnetic field may not have a particular direction:
where r = 0 is the position of the singularity. Such a singularity corresponds to the Dirac monopole.
To identify possible defects in our case, consider a 'time' slice of the surface which is a line, with coordinate τ . At some point τ0 the magnetic field living on the line may change direction:
It is crucial that the magnetic field in the non-Abelian case is not spherically symmetric but is line-like. Such field configuration is allowed by the non-Abelian invariance as a defect while the spherically symmetric field (14) , familiar from the Abelian case, is not allowed.
If we now include development in time both the Abelian and nonAbelian monopoles become lines, or trajectories. However, in the Abelian case the trajectories live on 4d space while in the non-Ableian case they live on 2d surfaces. A final remark: if we consider Euclidean space and temperature T = 0 then definition of the 'time' direction is arbitrary and we will simply discuss the trajectories.
Open strings
So far we were discussing closed surfaces, or strings. One might ask whether it is possible to have an open string as a defect. Thus, we wish to introduce a 1d boundary. For the whole construction to be non-Abelian invariant, this boundary, or line is to have also non-Abelian invariant meaning. Physicswise, the magnetic field which exists along the strings 'flows' to its end in case of an open string. Thus, it is natural to have a monopole at the end points. Moreover, this 'monopole' is to be defined in an SU (2) invariant way. There is only a single monopole of this type, that is the Z2 monopole [10] , or the 't Hooft line [11] (in case of SU (N ) group there are (N − 1) species of ZN monopoles).
The Z2 monopole can be viewed also as an ordinary Abelian monopole with magnetic flux 2π/g:
where g is the gauge coupling. Note that the corresponding Dirac string is having quadratically divergent action and in this sense is visible (for further discussion see [14] ). Finally, we note that the magnetic field living on the 2d surface is not quantized and the magnetic flux flowing to the end points of the string is generically not equal to the flux (16).
Surfaces as dynamical defects
Surfaces endowed with non-Abelian fields were considered so far as rather external objects, similar to the Wilson loops. However, under certain conditions, they can become dynamical, i.e. be generated within YangMills theory itself. An example of this type is provided by the Abelian monopoles of the compact U (1) theory discussed above. Namely, one can consider Dirac monopole as a classical solution with infinite mass. Such a monopole (or a monopole-anti-monopole pair) can be considered as an external probe. However, for a range of values of the electric charge, magnetic monopoles become light enough (see Eq. (6)) and are generated as proliferating vacuum fluctuations within the original formulation (1) of the theory. That is, the magnetic monopoles are becoming dynamical degrees of freedom (not only external probes) and correspond in fact to a Higgs field, see Eq. (6) .
Similarly, in case of surfaces they can become dynamical degrees of freedom only if the corresponding fine-tuning condition is fulfilled. However, this condition is not in an explicit form since theory of strings is much less developed than theory of particles.
One thing is certain, however: open strings cannot be dynamical. Indeed, the boundary of this surface is a particle trajectory of a Z2 monopole and the radiative mass of this monopole
is too large at small lattice spacings a because of the asymptotic freedom, lima→0 g 2 (a) → 0.
Lattice data
Vacuum defects of lower dimensions in lattice Yang-Mills theories were studied in terms of so called projected fields which replace, in a certain algorithmic way the original non-Abelian fields A a µ , for review see [3, 12] . One uses either Abelian or Z2 projections:
where the fields Z2 = ±1. In case of Abelian projections one defines monopoles, or 1d defects while in case of Z2 projections one defines surfaces, or 2d defects. In fact, these defects are closely related to each other, for review see [13] .
Properties of the defects depend on the projection used, as they should do. However, a careful analysis shows that there could well be a nonAbelian invariant object behind various projections. Moreover, properties of the surfaces and of the monopoles could well be close [13] to the described above, in terms of the Gukov-Witten construction [4] . Note, in particular, that the Abelian dominance of the confining fields gets explained by the observation that non-Abelian fields living on 2d surfaces are in fact Abelian.
Conclusions
In this note we emphasized that the monopole mechanism of confinement, whatever it means in detail, assumes significant role to be played by singular non-Abelian fields. Indeed, 'electric' degrees of freedom are introduced directly in the Lagrangian, while 'magnetic degrees of freedom' are emerging through violations of Bianchi identities. Hence magnetic degrees of freedom are associated with singular fields 3 . The construction is well understood and known since long [1] in the Abelian case. One can either start with a gauge field plus a scalar, Higgs field, or one can start with pure gauge field but admit singular field configurations, monopoles. Then these singular fields, or defects can be traded for a scalar field and one comes back to an effective Higgs-like formulation.
In the non-Abelian case monopoles, or 1d defects do not match the group structure [7, 10] . Instead, one should look for classification of singular fields consistent with the non-Abelian symmetry. As is argued in fact recently [4] such defects are 2d dimensional surfaces with the nonAblelian fields living on them. In other words, the surfaces are endowed with densities of action and of topological charge. Moreover, such surfaces can be profiled by 1d defects, or non-Abelian monopoles, whose field is not spherically symmetric but rather line-like.
For the defects to become dynamical degrees of freedom there should be a fine tuning which allows infrared and ultraviolet scales to coexist. Such fine tuning is well understood in the Abelian case, (see Eq. (6)). A central point: for the dual-superconductor mechanism of confinement to be relevant, similar fine tuning should be realized in the non-Abelian case as well. This time, however, it is self-tuning between the action and entropy of the 2d surfaces. No explicit form of the fine tuning is known theoretically but coexistence of the two scale is seen in the lattice simulations.
Also, there should be consistency between dynamics in four dimensions, or of the original Yang-Mills fields and dynamics on the defects world-sheet. Let us conclude with an example of such a consistency check. For dynamics of a particle (or 1d defect) to be in fact independent on the ultraviolet scale the action associated with the 'monopoles' should be approximately
see Eq. (6) . And this has been checked on the lattice [15] . On the other hand, the radiative mass (19) is associated now with the non-Abelian fields which live not in the bulk but on the world-sheet (see discussion above). Which seems to be also true on the lattice, for references and review see [13] . The condition (19) replaces the quantization condition for the magnetic field in case of the non-Abelian monopoles living on surfaces.
